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Abstract. To every subspace arrangement X we will associate symmetric 
functions ^[X] and 'H[X]. These symmetric functions encode the Hilbert se- 
ries and the minimal projective resolution of the product ideal associated to the 
subspace arrangement. They can be defined for discrete polymatroids as well. 
The invariant WfX] specializes to the Tutte polynomial T[X]. Billera, Jia and 
Reiner recently introduced a quasi-symmetric function JF[X] (for matroids) 
which behaves valuatively with respect to matroid base polytope decomposi- 
tions. We will define a quasi-symmetric function (7[X] for polymatroids which 
has this property as well. Moreover, G[X.] specializes to P[X], Ti.[X], T[X] and 
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1. Introduction 

1.1. Combinatorial invariants. Let X be a set with d elements. Suppose that 
Vx,x ^ X are subspaces of an n-dimensional vector space. Then A — IJ^ex ^ 
called a subspace arrangement. Let Pow(X) be the set of all subsets of X . The 
rank Junction rk : Pow(X) ^ N := {0, 1, 2, . . . } is defined by 

rk(A) =dimF-dimn,g^■^"^ 

for all subsets A X. 

Surprisingly, many topological invariants of the complement \ ^ of subspace 
arrangements are combinatorial, i.e., they can be expressed in terms of n :~ diml^ 



The author is partially supported by the NSF, grant DMS 0349019. 



2 



HARM DERKSEN 



and the rank function. For example, Zaslavsky (see |46j ) proved that number of 
regions in the complement of a real hyperplane arrangement is equal to 

(-i)"x(-i)= ^(-ir^^HiAi 

A<ZX 

where x{l) is the characteristic polynomial of the hyperplane arrangement defined 

by 

A<ZX 

For complex hyperplane arrangements^ the cohomology ring H*(V \ A) is isomor- 
phic to the Orlik-Solomon algebra (see |35j). which is defined explicitly in terms of 
the rank function. For arbitrary real subspace arrangements, the topological Betti 
numbers of the complement ^ \ ^ are expressed in terms of the rank function using 
the Goresky-MacPherson formula (see [19]). 

One may wonder whether various algebraic objects associated to a subspace 
arrangements are combinatorial invariants. Let K he a, base field of characteristic 
0, and denote the coordinate ring of V by -ft'[V^]. Terao defined the module of 
derivations D{A) along a hyperplane arrangement A (see |42| ) . An arrangement is 
called free if D{A) is a free if [F]-module. Terao has conjectured that "freeness" is a 
combinatorial property, i.e., whether D{A) is free is determined by its rank function. 
Terao showed that free arrangements have the property that their characteristic 
polynomial factors into linear polynomials (see [42]). One should point out that for 
example the Hilbert series of the module D{A) is not a combinatorial invariant. 

In a recent paper, the author found an algebraic object which is a combinatorial 
invariant for subspace arrangements. Let Jx C K[V] be the vanishing ideal of 
Vx V and let J = Hxex ^e the product ideal. The author showed in [12] 
that the Hilbert series H{J, t) of J is a combinatorial invariant. For hyperplane 
arrangements the Hilbert series of J is always equal to t'^/{l — t)" and is therefore 
not an interesting invariant. Let W be an arbitrary vector space and denote its 
dual by W*. We can tensor aU the spaces with W*. So let JxiW) C K[V^W*] be 
the vanishing ideal of the subspace VxC^W* ofV i» W* and J{W) = JJxi^A Jx{W). 
Then the Hilbert series H{J{W), t) is an interesting invariant, even for hyperplane 
arrangements. Moreover, since we have an action of GL(Vl^) on all the rings and 
ideals involved, we can define a GL(M^)-equivariant Hilbert series which is a more 
refined invariant for subspace arrangement. 

1.2. Symmetric functions. The ring of symmetric functions is spanned by the 
Schur symmetric functions s\ where A runs over all partitions. Let X = (X, rk) 
where rk is the rank function coming from a subspace arrangement IJ^ex — ^■ 
In Section [231 we will define a symmetric function 'P[X] using a recursive formula 
(see Defimtion l2.3|) . We define another symmetric function 7i[X] = 'H\X\{q,t) with 
coefficients in by 

(1) H[X](g,t)= ^ P[XU]q^k(A)^|A|_ 

A<ZX 

Here X \a= (^,rk \a) can be viewed as the rank function of the sub-arrangement 
y^g^ 14 C V. The definitions of 7'[X] and TL\K\{q,t) make sense even if the 
rank function rk does not come from a subspace arrangement. Therefore, these 
symmetric functions can also be defined for polymatroids. The symmetric function 
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Ti.[X\{q, t) essentially encodes Hilbert series of J and the GL(iy)-equivariant Hilbert 
series of J{W). Also, the minimal free resolutions of J and J{W) can be expressed 
in terms of 7i[X](g,i). The symmetric functions behave nicely with respect direct 
sums of polymatroids, namely 

(2) V[^®Y] ^ V[1C^-V[Y] 

(3) H[XeY](g,i) = 7^[X](g,^) •7i[Y](g,i) 

(see Proposition 12. 6|1 . The Tutte polynomial is defined by 

(4) T[X](x,y)= 

A<ZX 

The Tutte polynomial was introduced in |43| and generalized to matroids in [¥] and 
[8]. It has the multiplicative property and it behaves well under matroid duality 
(see ([5])). It specializes to the characteristic polynomial, namely 

x(g)=<z"-'-'^WT[X](l-g,0). 

The coefficients of T[X](a;, y) as a polynomial in x and y have combinatorial inter- 
pretations and are nonnegative. The invariants 7i[X](q,t) specializes to the Tutte 
polynomial. The functions 7^[X] and T-L[K\{q, t) do not seem to behave nicely under 
matroid duality. If the polymatroid X is realizable as a subspace arrangement in 
characteristic 0, then the coefficients of 'PiX], 7i[X](g,i) and some of their spe- 
cializations have homological interpretations. Therefore, the coefficients of these 
functions satisfy certain non-negativity conditions. 

Brylawski defined a graph invariant in |5j which he called the polychromate. 
Sarmiento ^37) proved that the polychromate is equivalent to the U-polynomial 
studied by Noble and Welch [Mj. The polychromate and the U-polynomial spe- 
cialize to Stanley's chromatic symmetric polynomial '41]. There are graphs whose 
graphical matroids are the same, that can be distinguised by the Stanley symmetric 
function. This means that the Stanley symmetric function, the polychromatic, and 
the U-polynomial cannot be viewed as invariants of matroids. 

Inspired by these graph invariants, Billcra, Jia and Reiner defined a quasi- 
symmetric function which is an invariant for matroids (see [3]). This invariant 
will be discussed later. 

1.3. Polarized Schur functions. Let us denote the Schur functor corresponding 
to the partition A by 5a. Suppose our base field K has characteristic 0, Z is a finite 
dimensional i^- vector space, and Zi, . . . , Zd C Z are subspaces. For a partition A 
with |A| = d we will define a subspace 

Sx{ZuZ2,...,Zd)CSx{Z) 

as the subspace spanned by the all tt{zi ® • ■ • (g) Zd) where Zi G Zi for all i and 

TT : Z Z ^ ■■■d) Z ^ SxiZ) 

d 

is a GL(Z)-equivariant linear map. 

The space S\{Zi^ . . . ,Zd) has various interesting properties which will be dis- 
cussed in Section [6l For example 

Sx{Z, Z,...,Z) = Sx{Z). 

d 
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Also, permuting the spaces Zi, . . . , does not change the subspace Sx{Zi, . . . , Zd). 
Let V = Z* he the dual space, and define Vi ~ Z^ to be the subspace of V 
orthogonal to Zi. Consider the subspace arrangement A = ViU ■ ■ - UVd Q V. Then 
the dimension of S\{Zi, . . . , Zd) can be expressed in terms of Ti.[A]{q,t). This 
implies, that the dimension of S\{Zi, . . . , Zd) is determined by the numbers 

diniE.e^^., ^ C {1, 2, . . . , d}. 

1.4. Quasi-symmetric functions. Billera, Jia and Reiner defined a quasi-symmetric 
function JF[X] for any matroid X in 3 . This invariant behaves nicely with respect 
to direct sums of matroids, matroid duality. There is also a very natural definition 
of this invariant in terms of the combinatorial Hopf algebras studied in [1] (see 
Section 17. 4|) . In [3j it was proved that this quasi-symmetric function behaves valu- 
atively with respect to matroid polytope decompositions, so it can be a useful tool 
for studying such decompositions. The quasi-symmetric J-^[X] does not specialize 
to Ti[K]{q,t) because J^[X] cannot distinguish between a loop or an isthmus, and 
7i[X](g,t) can. We will show that J^[X] does specialize to 7^[X]. To prove this, 
we introduce another quasi-symmetric function 5[X] which should be of interest 
on its own right. First of all, we will choose a convenient basis {Ur} of the ring 
of quasi-symmetric functions where r runs over all finite sequences of nonnegative 
integers. A complete chain is a sequence 

X:(l)^XoCXiC---CXd^X 

such that Xi has i elements for all i. The rank vector of this chain X_ is defined by 

r{X) - (rk(Xi) - rk(Xo), . . . ,rk(Xd) - rk(Xd_i)). 

Now we define 

X 

where X runs over all d\ maximal chains in X. We will show that Q\X\ behaves 
nicely with respect to direct sums and matroid duality. It defines a Hopf alge- 
bra homomorphism from the Hopf algebra of polymatroids to the Hopf algebra of 
quasi-symmetric functions. But unlike ^[X], it can distinguish between a loop and 
an isthmus. Moreover, 5[X] specializes to the Billera- Jia- Reiner quasi-symmetric 
function J-\X\ as well as to TL\K\{q,t). We will also show that Q\X\ has the valu- 
ative property with respect to polymatroid polytope decompositions in Section [51 
We question whether t/[X] might be universal with this property. 

Acknowledgement. The author would like to thank Nathan Reading, Frank Sot- 
tile, David Speyer for inspiring discussions and helpful suggestions. 

2. Symmetric functions associated to polymatroids 
In this section we will define the invariants 7i[X](q,t) and P[X]. 
2.1. Discrete polymatroids. 

Definition 2.1. A (discrete) polymatroid is a pair X := (A", rk) where A is a finite 
set, and rk : Pow(A) ^ N = {0, 1, 2, . . . } is a function satisfying 

(1) rk(0) = 0; 

(2) rk(A) < rk(B) \i A Q B (nondecreasing) ; 

(3) rk(A U B) + rk(A C\ B) < rk(yl) + rk(B) (submodular). 



(QUASI-) SYMMETRIC FUNCTIONS OF POLYMATROIDS 5 

If X = (Xji-k) is a polymatroid, and yl C X is a subset, tlien we restrict X 
to A to get a polymatroid X \a-— (^,rk \a)- li A'^ = X \ A is the complement, 
then the deletion of ^ in X is the polymatroid X \ ^ := X j^c^ {A'^,T'k \a^)- The 
polymatroid X/A := {A"^ jikx/A) is defined by 

rkx /a{B) = rk{A U B) - rk(A) 

for all B C A'^. We call X/A the contraction of A in X. 

Two polymatroids X = {X, rkx) and Y = (Y, rky ) are isomorphic if there exists 
a bijection ip : X ^ Y such that rky oip = rkx- A polymatroid X = (X, rkx) is a 
matroid if rkx({a;}) G {0, 1} for all x ^ X. If X = (X, rkx) is a matroid, then its 
dual is X^ (X, rk^) where rk^ is defined by 

Tk\{A) := \A\ - Tkx{X) + rkx(X \ A) 

for all A C X. The Tuttc polynomial behaves nicely with respect to matroid 
duality: 

(5) r[X^](a;,y) =T[X](y,x). 

There is also a formula expressing JF[X^] in terms of J-\X\ (see [3]). 

Definition 2.2. If X = (X, rkx) and Y = (F. rky) are polymatroids, then we 
define their direct sum by 

XeY := (Xuy,rkxuy) 
where X UY \s the disjoint union of X and Y and rkxuy : X U y ^ N is defined 

by 

rkxuy(A U B) := rkx (A) + rky(S) 

for aU A C X, B C Y. 

The Tutte polynomial satisfies the multiplicative property 

(6) r[x©Y] = r[x]-r[Y]. 

2.2. The ring of symmetric functions. Let 

Sym := Z[ei, 62,63, . . .] C 'E[xi,X2,X3, . . .] 
be the ring of symmetric functions in infinitely many variables, where 

Cfc . ^ ^ Xi^Xi2 ' ' ' ^ik 

il<i2<---<ik 

is the fc-th elementary symmetric function. The monomials in 61,62,... form a 
Z-basis of Sym. A partition of n is a tuple A = (Ai, A2, . . . , A^) of positive integers 
with Ai > ■ • ■ > Ar > 1 and |A| Ai + • ■ • + A,, equal to n. Another basis of Sym 
is given by the Schur symmetric functions s\ where A runs over all partitions. For 
standard results for symmetric functions, we refer to the book [27]. The natural 
grading oi'I\x\,X2,xz, . . . \ induces a grading on Sym. In this grading 6^ has degree 
k and s\ has degree |A|. Let 

Sym = Z[[6i,62,63, . . .]] 
be the set of power series in 61, 62, ... . Define 

cr = 1 + si + S2 + S3 + • • • e Sym . 

The inverse is given by 

(7) (T^^ = 1 - 61 + 62 - 63 H = 1 - ,si + sii - .Sill H ■ 
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2.3. The definitions of 7'[X] and n[X]{q,t). 

Definition 2.3. For every polymatroid X = (X, rk) we define a symmetric poly- 
nomial ^[X] e Sym by induction as follows. If X = 0, then VlX] = 1. If X 7^ 0, 
then we may assmne that P[X |^] has been defined for all proper subsets A a X. 
We define 

(8) P[X] = uo + ui + ■ ■ ■ + uix\-i 
where Ui £ Sym is homogeneous of degree i for all i such that 

(9) E^^ = - E U]a''^(^^-'-'^(^)(-l)l^l-l^l. 

i=0 ACX 

Here A runs over all proper subsets of X. 

Definition 2.4. For every polymatroid X = (X, rk) we define a symmetric poly- 
nomial 

n[X.]iq,t) e Sym[q,t] = Z[q,t] ®z Sym 

by 

(10) n[x.]{q,t) = Ulg^'^'^^ii^i. 

ACX 

The coefficient of t'^l in H[K]{q,t) is g'^'^(-^)p[X]. 
Remark 2.5. If we evaluate (fTO]) at q = ct^^ and t = —1, then we obtain 

ACX 

From dH) and jl]) it follows that 7Y[X](o-"\ -1) vanishes in degree < d = 

Proposition 2.6 (multiplicative property). For polymatroids X = (X, rkx) anii 
Y = {Y, rky) iwe /lawe 

(11) V[X®Y]=V[X]-V[Y]. 

and 

(12) H[X©Y]((7,i) =7i[X]((7,i)-H[Y](g,t). 

Proof. We prove the proposition by induction on \X\ + \Y\. The case where X = 
y = is clear. So let us assume that \X\ + \Y\ > 0. We may assume that 

V[X\a(BY\b]^V[X\a]-P[Y\b] 
for all subsets ACX and BCY such that A^ X or B ^Y. 

(13) n[X®Y]{q,t)^ J2 V[{X®Y)\cW^''^^'-^'h\^'\ = 

CCXUY 

= E E U ©Y |5]5rkx(A)+rkv(i3)^|A| + |S| ^ 

(-Pix© Y] -7'[X]P[Y])g*^(-^)+*^(^)il^l+l^l = 
W[X](g,t) •H[Y]((?,t) + (T'iX© Y] -7'[X]7'[Y])g'-'^^^W+'^'^^(^)il^l+l^l 



□ 
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If we substitute q = cr^^ and < = — 1 we get 
H[X®Y]{a-\-l) - H[X\{a-\-l) ■ H[Y]{cr^\ -1) = 

The left-hand side has no terms in degree < \X\ + \ Y\ by Remark 12.51 and 

V[X®Y]~P[X]-V[Y] 
is a symmetric polynomial of degree < |X| + It follows that 

P[X© Y] =r[X\-V[Y]. 

From ([TS]) follows that 

H[X ® Y] {q, t) = n[X] {q, t) ■ n[Y] {q, t) . 

The Tutte polynomial is closely related to the rank generating function 

n[X]{q,t)^ J2q'^^(^h\^\ 
ACX 

We have 

(x - l)*(^)7e[X]((y - l)-\x - {y - 1)) = T[X]{x,y), 

so the Tutte polynomial is completely determined by the rank generating function 
and vice versa. The rank generating function makes sense for polymatroids, not 
just matroids. The Tutte invariant may not be a polynomial for polymatroids, 
because we could have rk(A) > \A\ for some subset ACX. Define 

e : Sym Q 

by 

e(sA) = 

Using base extension, we also get a Q{q, <)-linear map 

Sym^QQ{q,t) ^Q{q,t) 

which we also will denote by O. It is straightforward to prove by induction on |X[ 
that Q{r[X]) = 1. 

Corollary 2.7. We have 

Q{n[x]{q,t)) = q^^^^h^^^ ^n[X]{q,t). 

ACX 

So Ti.[X\(q,t) specializes to the rank generating function and the Tutte polynomial. 



1 ifA = 0; 
otherwise. 
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3. Examples 

Example 3.1. Let = ({w},rko) be the loop matroid, and 1 — ({wjjrki) be the 
co-loop matroid defined by 

rko(u) = and rki{v) — 1. 
Then we have P[0] = P[l] = 1, H[0] = 1 + t, H[l] = 1 + qt, g[0] = [/(„) and 

An important class of matroids is the class of graphical matroids. Suppose that 
r — {Y, X, (f) where Y is the set of vertices, X is the set of edges, and (f) : X 
Pow(y) is a map such that 0(e) is the set of endpoints of the edge e. So (/)(e) has 1 
or 2 elements for all e S X. Let V — K", and denote the coordinate functions by 
xi, . . . ,Xn- To each vertex e G X, with 0(e) = {i,j} we can associate a subspace 
Ve defined by Xi = Xj. So Ve is a hyperplane unless e is a loop (i.e., i = j), 
in which case Ve = V. For A C X, we define Va = ClaeA We define a rank 
function by 

rk{A) =dimV - dim Va, ACX. 
Now X = {X, rk) is a matroid. 

Example 3.2. Suppose {Y, X, (f) is an m-gon. 

m — Q : 




Then we have 

r[X](a;, y) = y + x + a;2 + ...+ x""! 

P[X] = 1 - + sn - • • • + (-l)™~isi-.-i . 

H[^]{q,t) = (1 + qty^ - {qtr + ^"-^'"^'[X], 

g[X] ^ m!C/(i^i^...^i^o) 

Example 3.3. Suppose that {Y,X,<j)) is the graph with 2 vertices and m edges 
between them. 

m — 5 : 

Then we have 

T[X]ix,y) = X + y + + ■ ■ ■ + y^-' 

(14) V[X] = 1 (™-i).i + ("7i).2 - • ■ • + (-i)'»-i(™:}).™-i. 

(15) n[X]{q,t) = l + qY,ry\Y.{-iy 

i=l ^ ^ \j=0 

Here, we use the convention sq = 1. To prove the formulas and it suffices 
to show that the right-hand side of vanishes in degree < m if we substitute 
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q = a^^ and t — —1. If we make these substitutions, we get (using the combinatorial 
identity [291 §1-2.6, (33)]) 

(«) --'|:(T)(-.'(|MK*r)'f 

m-l m / \ /• i\ 

--'|^.(M.-(-;)-S-''-i':)Cr))---'g- 

This vanishes in degree < m because cr = 1 + si + S2 + • • • . 
We also have 

g[X\ = m!f/(i^o,o,...,o)- 

The following example appeared in [5], and was pointed out to the author by 
Nathan Reading. 

Example 3.4. The Gray graphs 




have the same Tutte polynomial, namely 

+ 13xy'^ + lOxy + x^y + 13x'^y + 6x^y + 2y + 2x + Ix^ + x^ + 4x* + Gx^. 
However, the coefficients of 52.2,2 in and V[G2] are 56 and 55 respectively. 

The examples below appeared in the survey of Brylawski and Oxley in [451 pp. 
197], and were also featured in 

Example 3.5. Consider 6 points in = P^(C) according to the diagram below 
(17) > . . 



Here 3 or more points are collinear if and only if they lie on a line segment in 
the diagram. Dualizing gives us 6 projective lines in which can be viewed as 6 
hyperplanes in C''. 
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Denote the niatroid associated with this arrangement by X. Consider 6 points 
in according to the diagram below 

(18) I 



Again, duahzing gives a hyperplane arrangement in C'^. Denote the matroid asso- 
ciated with this arrangement by Y. 

Then X and Y give nonisomorphic matroids, but they have the same Tutte poly- 
nomial and the same Billera-Jia-Reiner quasi-symmetric function (see [3]). More- 
over, 

■P[X] = ^[Y] = 1 — 3si + 3S2 + 6si,l — S3 — 8S2,1 - 8si,i,i -I- 3S3,1 + 6S2,2 + lls2,i,i 

- 3S3^2 - 4S34,1 - 3S2,2,1, 



H[X]{q,t) = H[Y]iq,t), 

and 

g[X] = g[Y] = 72C/(i,i,o,i,o,o) +648C/(i,i,i,o,o,o). 

The last equation can easily be computed by hand as follows. There are 6! ways 
of labeling the points in diagram p7|) by pi,p2,P3,P4,P5,P6- If Pi,P2,P3 are not 
colinear, then the labeling gives the rank sequence (1, 1, 0, 1, 0, 0), because pi spans 
a subspace of dimension 1 in C'^, pi and p2 span a subspace of dimension 1-1-1, 
Pi,P2tP3 span a subspace of dimension 1 + 1 + 0, Pi,P2jP3jP4 span a subspace of 
dimension 1 -|- 1 -|- + 1, etc. There are 2 • 3!'^ = 72 ways of choosing a labeling 
such that Pi,P2jP3 are colinear. All other 720 — 72 = 648 labelings, give the rank 
sequence (1,1,1,0,0,0). A similar reasoning can be used to compute g[Y]. 

Example 3.6. Let X be the matroid corresponding to the hyperplane arrangement 
dual to the point arrangement of the following diagram 
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Let Y be the matroid corresponding to the hyperplane arrangement dual to the 
point arrangement of the following diagram 




The Tuttc polynomial is the same for X and Y. The Billera-Jia-Reiner quasi- 
symmetric function does distinguish the arrangements. We have 

V[X\ = 1 -4si + 6S2 + 9si,i - 4s3 - 17s2,i - 10si,i4 + S4 + 12s3,i + 13s2,2 + 17s2,i,i 

— 3S4,1 — 10S3,2 — 10S3,1,1 - 8S2,2,1 + 2s4,2 + 2s4,l,l + 2s3,3 + 3S3,2,1 + S2,2,2- 

and 

V[Y] = l-4si + 6s2 + 9si,i-4s3-17s2,i-10si,i,i + «4 + 12s3,i + 14s2,2 + 17s2,i,i 

- 3S4,1 - 12S3,2 - 10S3,1,1 - 10S2,2,1 + 3s4,2 + 2s4,i,i + 2s3,3 + 4s3,2,l + S2,2,2- 

We also have 

g[X.] = 3456C/(i,i,i,o,o,o,o) + 1080C/(i,i,o,i,o,o,o) + 264C/(i,i,o,o,i,o,o) + 

+ 216L''(i,o,i, 1,0,0,0) + 24C/(i^o,i,o,i,o,o)- 

and 

g[Y] = 3456C/(i,i,i,o,o,o,o) + 1104i7(i,i,o,i,o,o,o) + 240i7(i,i,o,o,i,o,o)+ 

+ 192J7(i_o,i, 1,0,0,0) + 48J7(i^o,i,o,i,o,o)- 
So the invariants H, V and Q distinguish these two matroids as well. 

4. Ideals and regularity 

4.1. Equivariant free resolutions. Let iiT be a field, and V be an n-dimensional 
ii'-vector space. For any partition A, S\ denotes its corresponding Schur functor. 

In particular, SdV is the rf-th symmetric power of V , and SidV = S'i,...,il^ is the 
d-ih. exterior power. Let R = K\y\ be the ring of polynomial functions on V . The 
space Rd of polynomial functions of degree d can be identified with Sd{Z), where 
Z = V* is the dual space of V. Also, the ring R = 0|^q Rd can be identified 
with the symmetric algebra S{Z) := 021o ^d{Z) on Z = V*. By choosing a basis 
in V and a dual basis {xi, . . . , a;„} in we may identify R with the polynomial 
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ring K[xi, . . . , Xn]- Let m = ®dLi Rd — (^^i, • ■ • , Xn) be the maximal homogeneous 
ideal of R. 

Suppose that M is a finitely generated graded _R-module. Its minimal resolution 
can be constructed as follows. First define Dq := M and Eq = DQ/mDQ. Then 
Eq is a finite dimensional, graded vector space. The homogeneous quotient map 
V'o '■ Dq Eq has a homogeneous linear section (j)o : Eq —>■ Dq (which does not 
need to be an i?-module homomorphism) such that ipo o (j)Q — id. We can extend 
(/)o to a i?-modulc homomorphism 0o '■ R ®k Eq — > Dq in a unique way. The 
tensor product R (E)k Eq has a natural grading as a tensor product of two graded 
vector spaces, and (jfa is homogeneous with respect to this grading. We inductively 
define Di, Ei,tpi, (pi as follows. Define Di as the kernel of (pi-i : R ® i'j-i. 
We set Ei = Di/mDi. Let (j>i : Ei Di be a homogeneous linear section to the 
homogeneous quotient map ipi : Di Ei. We can extend (pi to an i?- module 
homomorphism (pi : R® Ei Di. By Hilbert's Syzygy theorem (see [55] and 
Corollary 19.7], we get that Di = for i > n. We end up with the minimal free 
resolution 

Q-^ R®E.a^ R® En-i ■■■R(»Ea^ M ^0. 

Here Ei can be naturally identified with Tor^ (A/, K) . 

For a group G and sets X and Y on which G acts, we say that a map p : X Y 
is G-equivariant if it respects the action, i.e., (p{g ■ x) = g ■ (p{x) for all x G X 
and g e G. Suppose that G is a linearly reductive linear algebraic group and V is 
a representation of G. Assume that G also acts on the finitely generated graded 
i?-module M = Md such the multiplication Rx M ^ M \s G-equivariant, and 
Md is a representation of G for every d. By the definition of linear reductivity, 
we can choose the sections (pi : Ei Ki to be G-equivariant. So by induction 
we see that G acts regularly on Dp, Eq, Di, Ei, D2, E2, . ■ . . Also, by induction one 
can show that the structure of Di as a G-equivariant graded i?-module, and Ei 
as graded representation of G do not depend on the choices of the G-equivariant 
sections (pi . We conclude that Ei = Tor^ (M, K) has a well-defined structure as a 
graded G-module. 

4.2. Castelnuovo-Mumford regularity. For a finite dimensional graded if -vector 
space W — 0(igz define 

deg(W^) := max{i | W, ^ 0}. 

li W = {0} then we define deg{W) = —00. A finitely generated graded i?-module 
M is called s-regular if deg(Tor*(M, Kj) < s + i for all i. The Castelnuovo-Mumford 
regularity reg(Af) of M is the smallest integer s such that M is s-regular. See 
§20.5] for more on Castelnuovo-Mumford regularity. 

4.3. Product ideals and regularity bounds. Suppose that Vx, x E X are sub- 
spaces of V for some finite set X with d elements. Assume that X = {1,2, . . . ,d}. 
Let Jj; Q K[V] = S{Z) be the vanishing ideal of I4. The ideal is generated by 
the subspace — C Z ^ V* oi all linear functions vanishing on . For every 
subset A <Z X , we define J a ■— Yixiax "^x:, and let J = Jx- A crucial result we need 
is; 

Theorem 4.1 (Conca and Herzog,[7]). The Castelnuovo-Mumford regularity of J 
is equal to d. 
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We define 

(19) <^fe = Ja. 

\A\ = k 

Following Chapter IV] we construct a complex 

(20) O^Cd^Cd-i^ >Co^O. 

The map dk ■ Ck ^ Ck~i can be written as dk — J2a B'^k '^ ' where 

d^'^ : Ja ^ Jb 

Suppose that A = {ii, 12, ■ ■ . , ik\ with ii < 12 < ■ ■ ■ < ^k^ then we define 

qA.b f iiB%A- 

' \ (-l)''id if B = {ii, . . . ,ir-i,ir+i, ■ ■ ■ ,ik}- 
The homology of the complex is denoted by 

Hk = kerdk/ iradk+i- 
Remark 4.2. Since dd is injective, we have that Hd = 0. 

Proposition 4.3 ([39 ). IfVx ■— Cl^ex ^ ~ i^)' ihen the homogeneous maximal 
ideal m kills all homology, i.e., mHi = Jor all i. 

The following rcsuh is Corollary 20.19 in f^ . 

Lemma 4.4. IfA,B,C are finitely generated graded modules, and 

0^ A^ B ^0 

is exact, then 

(1) reg(A) < max{reg(B),reg(C) + 1}; 

(2) ieg{B) <max{reg(A),reg(C)}; 

(3) reg(C) < max{reg(^) - l,reg(B)}. 

Proposition 4.5. Suppose that Vx — Cl^ex ^ = (0)- Then Hk is concentrated at 
degree k (and in particular, it is finite dimensional). 

Proof. We have reg(Ci) < i by Theorem 14.11 Let and B^ be the kernel, respec- 
tively, the cokernel of di. 
First, we prove that 

(21) reg{H,) < rcg(S,) - 1 

for i — 0,1, ... ,d — I. Since mHi — 0, Hi is just equal to a number of copies of K 
in various degrees. From the Koszul resolution follows that 

deg(Tor,(i?„if)) = deg(iJ,)+J 
for j = 0, 1, 2, . . . , n, hence reg{Hi) = deg{Hi). The exact sequence 

(22) ^ B, ^ Z, ^ H, 
gives rise to a long exact Tor sequence 

^ Toi.n {B„K) Toln{Z^,K) ^ Tor„{H„ K) Tor„_i(B„ K) ^ ■ ■ ■ 

Since Zi is a submodule of a free module, its projective dimension is < ri — 1 and 
ToiniZi,K) = 0. Therefore 

deg(Tor„_i(B„ if)) > deg(Tor„(ii„ if)) = reg(i?,) + n. 
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It follows that 

Teg{B,) + n-l> deg(Tor„_i(B„ K)) > Teg{H,) + n. 

This proves ((2T|) . 

From ([22]) and Lemma l44l follows that 

(23) reg(ZO < max{reg(B,), reg(7l0} = reg(SO 

By induction on i we will show that Teg(Bd-i) < d — i + 1, Teg{Zd~i) < d — i + 1 
and reg{Hd-i) < d-i. For i = 1 we have reg(Bd_i) = reg(Cd) = d, reg(Zd_i) < d 
by ([231) and reg(i?d_i) < d - 1 by (|2T|). 

Suppose that i > 1. We may assume by induction that Zd-i+i is (d — i + 2)- 
regular. From the exact sequence 

Zd-i+i Cd-i+i Bd-i 

follows that 

reg(Bd-i) < max{reg(Zd-i+i) - 1, reg(Cd-i+i)} < d - i + 1 
by Lemma 1131 Now we have Teg{Zd-i) < d — « + 1 by ((23|) and reg{Hd-i) < d ~ i 

by m- 

a 

Suppose that G is a linearly reductive group and let G denote the set of iso- 
morphism classes of irreducible representations of G. Let Z*^ be the set of maps 
G ^ Z. Elements of Z*^ may be thought of as G-Hilbert series. If M is a G-module 
such that every irreducible representation appears only finitely many times, then 
we define 

(M) = {M)g e IP. 

For every irreducible represention IJ of G, {AI){U) is the multiplicity of U in M. 

Lemma 4.6. Suppose that G acts on Z such that every irreducible representation 
of G appears only finitely many times in S{Z). Then we have 

d d-1 

(24) ^ (-I)I^I(Ja) = = 5](-l)^(i/,) 

AcX 1=0 i=0 

Proof. The first equality follows from the definition 1191 For every i we have exact 
sequences 

0^ Zi^Ci^im Bi_i 

and 

B,^ Z,^ H,^ 0. 

So we have 

(25) ^(-l)'(G.) = ^(-l)^(Z,) + Y,{-\y{B,^,rangle = 

i i i 

= Y,i-iy{z,} - J2i-iy{B,) = J2i-iy{H,). 

ill 

□ 
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5. Realizable polymatroids 
5.1. The tensor trick. Let us fix a field K. 

Definition 5.1. A arrangement realization of a polymatroid X — (X, rk) over K 
is a finite dimensional i^- vector space V together with a collection of subspaces Vx , 
X & X such that 

rk(A) = dim V - dim Va 

for every ACX, where 

x<£X 

Let X = (X, rk) be a polymatroid and set d= \X\. From now on, assume that 
isT is a field of characteristic 0. Suppose that V is an n-dimensional iiT- vector space 
and Vx, X ^ X is a collection of subspaces that form a realization of X. 

Let W be another ilT-vector space and let R{W) := K[V (8) W*] be the ring of 
polynomial functions on V ® W* = Hom(VF, V^). Note that GL(VF) acts regularly 
on K[V ® W*]. Let Jx{W) C R{W) be the vanishing ideal of Vx (g) W* C V (g> W*. 
For a subset A C X we define 

Ja{W) = H Jx{W) 

xeA 

and we set J{W) := Jx{W). Define 

C^{W) := Ja{W). 

ACX 
\A\=i 

As in (|20|) . we have a complex 

(26) ^ Cd{W) ^ Cd-iiW) ^ > Ci{W) -> Co{W) ^ 0. 

Let Hi{W) be the i-th homology group. By Lemma l4!6l we have 

d-l d 

(27) 5](-l)^(i/.(W^)) - Y.^-ir{C,{W)) = (-1)1^1 {Ja{W)) 

i=0 i=0 ACX 

If / = ^x'^^^x £ Z[[ei,e2, ...]], then we define 
For example, we have 

CXD 

airW =(sQ + si + S2 + S3 + ---)i^W = Y,{S^{W)) = {S{W)). 

i=0 

If /,5 G Z[[ei,e2,. . .]], then 
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5.2. Product ideals and the invariants P[X], H[K.]{q,t). 
Theorem 5.2. We have 

(28) ((t"-'''^(^¥[X])*W^= ^ (-1)1^1 (Ja(M^)) 

ACX 

and 

(29) (a"W[X](a-i,-l))*VF= (J(W^)). 

Proof. We prove the statement by induction on d — \X\. If X = 0, then ^[X] = 1 
and 

★ = (S'(M^)®") = (S'(M^ (g) V*)) = {K[V ® W*]) = {R{W)) ^ (MW)), 

so (UHl) holds. 

For every ACX, define 

Za:= i-ir \{Jb{W)). 

BCA 

By Mobius inversion, we get 

ACB 

By induction we may assume that 

(fj»-'-k(A)^[X \a])*W^Za 

for all proper subsets A C X. 

Let us assume that Vx = (0). From (P7|) and Proposition 14. 51 follows that Zx is 
a combination of (S'a(VI^)) with |A| < d. Consider 

(30) ((T"H[X](a-\-l))*W^- (J(Ty)) = 

= H (-1)'^' (ct""'''(^^7'[X U]) i.W- {J(W)) = 

ACX 

= (-1)1^1 (a"-'^'^(^)7'[X] * - Zx) + ^ (-I)I-^IZa - {J{W)) = 

ACX 

= (-l)l-^l(r7"-''^(^¥[X]*VK-Zx). 

In (cr"H[X](CT-i,-l)) ★M^ and (J(W^)) only terms {Sx{W)) appear with |A| > d. 
On the other hand, in a'^~'^^^'^^'P[X]-kW and Zx only terms (S'a(VF)) appear with 
A I < d. It follows that the left-hand side and the right-hand side of ([30|) are equal 
to 0. 

Suppose that Vx (0). Let V be a complement of Vx in V of dimension 
n - r{X). Define V;' = V' V\V^ for all x e X and = y' n Va = fl^^eA K for all 
A C X. We have that V'^ = V' V\Vx = (0) and V'^ = V'^® Vx for all A C X. It 
follows that 

rk(A) = dimF-dimVA = (dim V'+dim yx)-(dim I/^+dim Vx) = dimV'-dim V^. 
Let Ji(VK) CK\y'® W*\ be the vanishing ideal of 1/' (g) W* inside V" «> W^*. Define 
'^a(W^) = ria^GA -^i(W^) and set J'{W) = J'x^)- By the previous case. 
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and 

v[n*w= ^(-i)i^i(j^w). 

AC^X 

It follows that 

J{W) = J'{W) ® S{V^ ®W) = J'{W) ® 5(VF)®("-^'^(^» 

and 
(31) 

(a"H[X](a-\ -1)) * = {a'^^^^n[X]{a-^ , -1)) i.W ® = 

= (J'(W^) «)5(W^)®("-'''W)) = {J{W)). 

Similarly, from 

vm*w= ^ (-1)1^1 (j;i(w)> 

A<ZX 

follows 

(^n-rk(x)pjx]>w^ = ^ (-1)1^1 = ^(-1)I^I(Ja(M^)>. 

A<ZX ACX 

□ 

Corollary 5.3. Suppose that Vx = (0). If we write 

V[X\ =UQ-Ui+U2 + {-l)'^-\d-i 

where Ui is a homogeneous symmetric polynomial of degree i for all i, then 

Uii.W={Hi{W)). 
Proposition 5.4. We can write 

W[X](£7"\ -1) = Wd- Wd+l + Wd+2 - Wd+3 H 

where d= \X\ and Wi is a homogeneous symmetric polynomial of degree i. We have 

Wd+i*W = {Tori{J{W),K)). 

Proof. Since J{W) is rf-regular and generated in degree d, it has a linear minimal 
free resolution. We can choose this resolution to be GL(Vl^)-equivariant. Define 

Ei{W) :=ToVi{J{W),K). 

The minimal resolution has the form 

^ Ee{W) R{W) yEi{W)^ R{W) Eo{W) R{W) J{W) 0. 

where £ = pd{J{W)) is the projective dimension of J{W). We have 



(a"W[X](a-i, -1)) *W = {J{W)} = J2i-^yiE^iW) ® RiW)) 
W[X](a-\ -1) ^W={ Y,{-lfwd+i) ^W = Y,{-^f{Ei{W)) 



j=0 i=0 

□ 
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Example 5.5. Let V ~ C and let Vi — V2 — ■ ■ ■ — Vd — {0}. The rank function is 
the same as in Example 13.31 



1=1 ^ ^ \j=o 

The ideal J{W) = m{WY where Tn(VF) is the maximal homogeneous ideal in K[V(^ 
W*] ^ K[W*] ^ S{W). 
For d = I we have 

n[X.]{q,t)^l + qt, 

It follows that 

n[X]ia-\ -1) = 1 - = si - + - • ■ • 

This shows that the i-th free module in the free resolution is S{W) ® Si.i,....iW = 
S{W) A*(W^)- So the minimal resolution is 

> S{W) (g> Si^iiW) S{W) (g)W ^ m{W) 0, 

which is of course the Koszul resolution of the maximal ideal m(VF). For d = 2, we 

get 

n[X\{q,t) ^ 1 + 2qt + qt\l ~ Si) 

and 

n[X]{a-\ -1) - 1 - a-\l + si) = S2 - .S2,i + S2,is - ' ■ ' 
So this means the the equivariant minimal free resolution of m(VK)^ looks like 

> S{W) ® S2aAW) S{W) (g) S2,i{W) S{W) (g) S2{W) m{W)^ 0. 

5.3. Nonnegativity results for the coefficients of 7'[X] and H[^]{q,t). 

Corollary 5.6. Suppose that X = (X, rk) is realizable over a field K of character- 
istic 0. 

(1) 

(32) a*WH[X](a-i,-l) = ^aA5A 

A 

where X runs over all partitions with \X\ > d and ax > for all X; 

(2) 

7'[X]=^(-1)I^I6asa 

A 

where X runs over all partitions with \X\ < d and bx >0 for all X; 

(3) 

H[X](a-\-l) = ^(-l)l^lcA.A 
A 

where X runs over all partitions X with \X\ > d with more than |A|/rk(X) 
parts, and c\ > for all X. 

Proof. Assume, as before, that V together with Vx, x £ X form a realization of X. 
We may also assume that Vx — (0). 

(1) From Remark 12.51 follows that no sx with |A| < d appears in the left-hand 
side of dSH). If we choose dimM^ > |A| then SxiW) ^ and {SxiW)) appears with 
a nonnegative coefhcient on the right-hand side of (|3ip . Therefore, the coefficient 
of sx in cr'''^(^^H[X]((T^^, —1) is nonnegative. 
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(2) This follows from Corollary 15.31 

(3) The nonncgativity of cx follows from Proposition l5.4l li £ = pd( J(Vt^)) is the 
projective dimension of J(W), then we have 

£ = pd(J(W^)) = pd{R{W)/J{W)) - 1 < dimFdimVF = rk(X) dimW^ 

Suppose A = (Ai, . . . , Afc) and the coefficient of sx in 7i[X](o'^^, —1) is nonzero. If 
W is fc-dimensional, then SxiW) ^ 0, so E\^\{W) ^ and |A| < ^ < rk(X)fc. □ 

Conjecture 5.7. Corollary 15.61 is true, even if'K.= (X, rk) is a polymatroid that 
is not realizable. 

5.4. The Rees ring and the invariant i/[X]((7, i, y). Instead of looking at the 
GL(iy)-IIilbert series of J{W), one could also consider the GL(iy)-IIilbert series 
of the Rees ring 

R{W)[yJiW)] = R{W) ® yJiW) ® y^JiWf ® ■ • • 
where y is an indeterminate. This Hilbert series is 

oo 

where 

x* = x©x®---©x. 

V ' 

i 

It is therefore natural to define the invariant 

oc 

n[X\{q,t,y) :=^H[X»](<Z,Oy'. 

i=0 

Another interesting ring is the subalgebra T{W) of R{W) generated by 

{W (E) Zi){W ®Z2)---{W® Zd) 

The degree kd part in T{W) (or degree k after rescaling) is equal to the degree 
{kd, d) part in R{W). If we take 

replace sx by z^-^^'^sx for all A and then set z = 0, then we obtain the Hilbert series 
of T(I¥). 

It was proven in [B] that the algebra T{W) is Koszul when Zi, Z2, ■ ■ ■ , Z^ are 
transversal. If Conjecture 4.2 in that paper is true, then T{W) is Koszul for arbi- 
trary subspaces Zi, . . . , Zd- Such a Koszul duality would lead to new interesting 
interpretations of the coefficients of H. 

6. The polarized Schur functor 

6.1. The space Sx{Zi, . . . , Zd). Assume again that X ~ {X, rk) is a polymatroid, 
_?C is a field of characteristic 0, and that we have a realization given by a vector 
space V and subspaces 14, x e X. Define Z = V*, and for every x G X, let 
Zx — Vj- be the set of all linear functionals on V vanishing on T4- Also, for any 
AC X, let 

Za — = ^ Zx- 
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We have 

rk(^) = dim V — dim Va = dim Za 

for all ACX. 

Let Sd be the symmetric group on d letters. Its irreducible representations are 
Tx where A runs over all partitions of d. 
Schur-Weyl duality gives a decomposition 

Z'^^ := Z O Z O • ■ • O Z S (8) Tx 

d ^ 

as a representation of GL{Z) x Y^d- Let 

TTA : Z®'^ ^ SxZ ® Tx 

be the GL[Z) x E^-equivariant projection. There is a unique GL(Z) x S^-equivariant 
linear map 

Ox-.Z^'^^Tl^SxiZ) 

such that 

6x{z ®ip) = (id (8)(/5)7rA(2) 
for every z G and if €T^. Note that = Tx as representations of S^. 

Definition 6.1. We define 

Sx{Zi,Z2, ...,Zd) = 9x{Zi ®Z2^---^Zd®Tx) 

Remark 6.2. For a permutation r G we have 

(33) Sx{Zi, ...,Zd) = 9x{Zi ® • • • ® Zd) Ta) = 0x{t-^{Zi ^ ■ ■ ■ ^ Za ^Tx)) = 
ex{T-\Zi^- ■■®Zd)®Tx) = ex{Zr(i)^-- ■®Z^(d))®Tx) = Sx{Z^(^),. . . , Z<,(d)). 
In other words, Sx{Zi, . . . , Z4) does not depend on the order of Zi, . . . , Z^. 
Note that 

Sx{Z,Z,...,Z) = Sx{Z). 

d 

6.2. The connection between Sx{Zi, . . . , Z^) and H[X](g, t). 
Proposition 6.3. Let us write 

<7"W[X](a-i,-l) = ^aASA 

where A runs over all partitions with |A| >d. Then we have 
ax = dim Sx{Zi, Z2, . . . , Za, Z, . . . , Z). 

\x\-d 

Proof. Let r = |A| and m(W) be the maximal homogeneous ideal of R{W). The 
degree r part of J{W) is 

JiiW)J2iW) ■ ■ ■ JdiW)miWY-'^. 
Set U = W 'E)V* = W (E) Z a,nd Ui = W (g> Zi. Then Cauchy's formula tells us that 
R{W) = S{W (g) Z) = SxW (8) SxZ. 

X 
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The degree r part of J{W) is 

Ui-U2---Ud- V-'' C Sr{U) = SxW ® SxZ. 

|A|=r 

So if 

TT^ : y ®U ®^---®\}^ Sr{U) 
r 

is the canonical projection, then the degree r part of J{W) is 

7r,(f/i,C/2,...,C/d,C^_^). 

r— d 

Let 7a : Sr{U) S\W ® S\Z be the projection. The isotypic component of J{W) 
for the representation Sx{W) is 

We have 

U®"- = {Z^W f = Z®'-(g)H/^®'- = ^Sx{W)®Tx®Z'^-' ^^Sx{W)®Z®-'®Tx. 

A A 

If we first project U®'' onto Sx{W) ® Z®'' ® Tx and then we apply 

id(8)7rf : Sx{W) Z®'' ®Tx^ SxW ® SxZ 
then we get a nonzero GL{V) x GL{Z) x equivariant hnear map 

^ 5aW ® SxZ 

This map must be, up to a non-zero scalar, equal to the composition 7^ o tt^. It 
follows that 

7x{TTr{Ui ®---®Ud® W-'^)) = id®TTx{Sx{W) ® Zi ® ■ ■ ■ ® Z,i ® Z''"^ ® Tx) = 

= SxW®SxiZu...,Zd,Z,...,Z). 

So, as GL(W^)-modules, we have an isomorphism 

J{W) = SxiZi, Z2, . . . , Zd,Z^_^) Sx{W). 

^ |A|-d 

Since ax is the multiplicity of SxW in J{W), we get 

aA = dim5A(^i,...,Zd,Z,...,Z). 

r—d 



□ 



For A C X, let us define 

Sx,A ■.= Sx{V,„...,V,„V^_^) 

|A|-fe 

where A; = \A\ and A = {xi, . . . , Xk}- If |A| < fc, then we define Sx,a = 0. Define 

CA,fe = 'S'a,^- 
\A\=k 
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Then we get 

X 

The maps in the complex (|26p are GL(M^)-equivariant, and by taking the isotypic 
component for 5*^(1^) we get a complex 

^ Cx,i ^Sx{W)^ > Cx,i ® Sx{W) -> Cxfl ® Sx{W) ^ 

where I = minjd, |A|}. Since all maps in this complex are GL(T/F)-equivariant, the 
complex is obtaind from a complex 

(34) ^ Ca,, ^ >Cx,i^ Ca,o 

by tensoring it by S\{W). The map dk ■ C\^k ~^ CA,fc-i can be written as dk = 
J^A.B^k'^^ where 

dk ' • S\^A S\^B 
Suppose that A = {ii, i2, ■ • ■ , ik} with ii < i2 < ■ ■ ■ < ik, then we have 

QA.B.^i ifB(^A; 

' 1 (-!)'■ id if B = {ii, . . . , . . . ,ifc}. 



Let Hx,i be the i-th homology group of ([34]) . From 

H^iW)=^Hx^^®SxiW). 
A 

and Corollarv l5.3l now follows the following statement. 

Corollary 6.4. Suppose that Vx = 0, which means that Zx = Z . Write 



Then we have 



The dimension of 



iflM^i; 




Z) 



d 

(where d — |A|) is exactly the number of Young Tableau of shape A and entries in 
the set {1,2,. In fact, given a basis of Z, an explicit basis of SxZ can be 

given in terms of these Young tableaux (see [TBJ §8.1, Theorem 1]). 

Problem 6.5. Give an combinatorial interpretation of 

A\n\Sx{Zi,Z2,...,Zd), 

perhaps in terms of certain fillings of Young diagrams. Moreover, can one give an 
explicit basis of Sx{Zi, . . . , Zj) ? 

Such a combinatorial setup might still have a meaning for non-realizable poly- 
matroids. An explicit bases of Sd{Zi, . . . ,Zd) was given in [6l Corollary 5.10] in 
case the subspaces Zi, . . . , Zd oi Z are generic. 

Also, one can ask the same questions for Hx '■= Hx^\x\- Such results might prove 
Conjecture 15.71 
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7. Quasi-symmetric functions associated to polymatroids 

7.1. The Hopf algebras Mat and Poly Mat. Although most of the Hopf algebras 
in this section can be defined over the integers Z, we will choose to define them 
over Q for simplicity. In [38' the matroid Hopf algebra Mat was introduced (see 
also [U [ini Hi] ) . This construction easily generalizes to polymatroids. 

Let us first introduce the Hopf algebra of polymatroids, PolyMat. For a poly- 
matroid X = [X, rk), we denote its isomorphism class by [X]. As a Q- vector space, 
PolyMat has a basis consisting of all isomorphism classes of polymatroids. We 
define a product by 

[X].[Y] := [X©Y]. 

Also, a coproduct A : PolyMat PolyMat (8)q PolyMat is defined by 

A[X]= U]®[XM]. 

ACX 

This coproduct is coassociative, but in general not cocommutative. The unit is [0] 
where denotes the empty polymatroid. A counit e : PolyMat ^ Q is given by 



=([X]) = 



1 if X = 
otherwise. 



The bialgebra PolyMat has a grading such that [X] has degree \X\ for every poly- 
matroid X = {X, rk) . This makes PolyMat into a connected graded bialgebra. It 
was shown in [33] that one can define an antipode such that PolyMat becomes a 
Hopf algebra. 

Let Mat be the subspace spanned by all [X] where X is a matroid. Then Mat is 
sub-Hopf algebra of PolyMat. 

7.2. The Hopf algebra NSym. Let NSym Q{pi,p2,P3, ■ ■ ■) he the ring of noncom- 
mutitive polynomials in the indeterminates pi,p2,P3, ■ ■ • • We define a Hopf algebra 
structure on NSym as follows. The comultiplication A : NSym — > NSym ® NSym 

by 

for all i. The counit e : NSym ^ Q is defined by 

e{p^) = 

for all i. The antipode is defined by 

Pt -Pi 

for all i. A basis of NSym is given by all noncommutative monomials in pi,p2, ■ ■ ■ ■ 
It is also convenient to have a different basis. We define hi,h2, ■ ■ ■ by the following 
equality of generating functions in NSym[[t]]. Define 

H{t) = hit + h2t^ + hst^ + ■■■ 

and 

P{t) = Pit + P2t^ + Pit"^ + ■■■ . 

Then /ii, /i2, /13, . . . are defined by 

1 + F(t) = exp(P(t)). 
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Here exp(i) denotes the power series of the exponential function 

exp(i) = l + t+ - + - + ■■■ . 

So we have 

(35) '^fc^Xln^ ^ P^lP^2■■■P^r■)■ 

r — 1 il 

ilH hi,, = fc 

If a = (ii, . . . , v) is a sequence of positive integers, then we wiU write pa instead 
of Pij^Pi2 ■ ■ ■ Pi^ and ha instead of hi-^hi^ ■ ■ ■ hi^. . The length of a is £{a) := r, and 
we define \a\ = ii + 12 + ■ ■ ■ + ir- We can rewrite (|35l) as 



Inverting gives 
where 



so 



Pit)=logil + H{t)) 
log(l+t)=t-- + --..- , 

r—l *l,--,^r 

ilH Hr = k 

Again, we can rewrite this as 

P' = ^ 1(a) • 

From 

A{P{t)) = P{t) ® 1 + 1 ® P{t) 

follows that 

A(l + H{t)) = A(exp(P(t)) = A(exp(P(t) 1 + 1 P{t))) = 

= exp(P(t) eg) 1) exp(l ® P(t)) = ((1 + H{t)) ® 1) • (1 (1 + H{t))) = 

= {l + H{t))(E){l + H{t)) 

inside the ring 

NSym(x)NSym{[t]] = NSym{[t]] ®Q[[t]] NSym[[t]]. 
If we use the convention — I, then we have 

k 
i=0 

The Hopf algebra NSym is not commutative, but it is cocommutative. 
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7.3. The Hopf algebra QSym. Let QSym be the Hopf algebra of quasi-symmetric 
fmictions. For a sequence a = (ai, . . . , ar) of positive integers we define an element 
Ma eQ[xi,X2,...] by 



X2 



0<ii<i2<-<i,- 

The ring QSym is the subring oiQ[xi,X2,X3, . . .] spanned by all Ma ■ The Q- vector 
space QSym is closed under multiplication. We will view QSym as the graded dual 
vector space of NSym where the {Ma} form a dual basis of the {ha}- As such, 
QSym is a Hopf algebra in a natural way. Also, let {Pa} be a dual basis of {pa}- 
We have that 

PaPp^Y^Py 

7 

Where 7 runs over all 

e{a) 

shuffles of a and /3. If a = (ai, . . . , a^), then 

I3,'y;/3'y—a 

The antipode on QSym is given by 
From (I3l) follows that 



(38) ha = hi^ - ■ ■ hi^ = ^ 



b9il = il,...,|fJr|=ir 

where a = (ii, . . . , v). Dualizing ((38l) gives 

P^=Y Y ^\M,-,\I3A 



/3 = /3l-/3,- 



From ([37]) follows that 



(39) ■■■p^^ = Y 



l/3ll=il l/3rl=ir 

Dualizing ([39| yields and 

(40, M,.^ Ei-^f'-jl^- 

/3 = /3l---/3r 

7.4. Combinatorial Hopf algebras and the invariant ^[X]. Billera, Jia and 
Reiner defined a homomorphism of Hopf algebras 

T : Mat QSym . 

One way to define this map is using a universal property of QSym. 

A combinatorial Hopf algebra (over Q) is a pair {Ti, () where H = ®d>o ^d. is 
a graded Hopf algebra with Ho — Q and Hd is finite dimensional for all d, and 
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^ : ?i ^ Q is a character (i.e., a algebra homorphism) . A morphism : {TL' , Q') — > 
(W, C) is a Hopf-algebra morphism ip : H' ^ H such that ( o ip = (' . 

Aguiar, Bergeron and Sottile proved that in there exists a terminal object in the 
category of combinatorial Hopf algebras over Q, namely ( QSym, C) where ( = (QSym 
is defined by 



-{I 

We can define a character = C,Mat on Mat by 



1 otherwise. 



C([X]) 



1 if X completely splits in to loop and coloop matroids; 

otherwise. 



Since {QSym, (^QSym) is terminal, there is a unique homomorphism 

T : {Mat, Cm) ^ {QSym, CQSym) 

of combinatorial Hopf algebras. 

Although !F is a powerful invariant for matroids, it cannot distinguish between 
a loop and an isthmus. 

7.5. The new quasi-symmetric function invariant (/[X]. It sometimes is con- 
vention to shift the indices by 1, so for a vector a = {ai, a^, ■ ■ ■ , aj,) of nonnegative 
integers, we define 

f^(oi,02,...,a.(i) •~ -fai + l,a2 + l,...,a<i+l- 

Definition 7.1. We define a Q-linear map 

g : PolyMat QSym 

defined by 

X 

where X runs over all maximal chains 

X : = C Xi C • • • C = X 

and 

r{X) := (rk(Xi) - rk(Xo), rk(X2) - rk(Xi), . . . ,rk(Xd) - MXd-i))- 

We call r(X) the rank sequence for X. The multiset of all r(X) where X runs 
over all maximal chains in X, we will call the rank sequences for X. If X = (X, rk) 
then there are exactly |X|! rank sequences. 

Lemma 7.2. The linear map Q is a homomorphism of Hopf algebras. 

Proof. If X has a rank sequence 7 = r(X) and 7 = a(3, then a is a rank sequence 
for X 1^ and /3 is a rank sequence for X/A, where A = Xi and i = £{a) is the 
length of a. So we have 

(41) g(^go A([x]) = \a] ® = 

AGX 

= E E E ® = ^(E ^7) = A(a[x]), 

ACX a 13 7 

where a runs over all rank sequences for X /? runs over all rank sequences of 
X./A and 7 runs over all rank sequences for X. 
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To sec that Q commutes with the product, note that the rank sequences for 
X ® Y are exactly all shuffles of rank sequences for X and Y. 

It easy to verify that G is compatible with the unit and counit. □ 

For a vector a = (ai, 0:2, • • • , ctd), define 

= (1 - ad, 1 - ad-i, . . . , 1 - ai). 

Lemma 7.3. For a matroid X = {X, rk) we have 

g[X^]=^C/.(^)v 

Proof. For a maximal chain X, define a chain Xy by Xy := X \ Xd-i- Note that 
rk^(Xi) = \X\ - rk(X) + Tk{Xd-i) 

and 

rk^(X/) - vk'^iXl,) - 1 - (rk(X,_,+i) - rk(X,_,)). 

If a runs over all rank sequence for X, then runs over all rank sequences for 
X^. □ 

7.6. Q specializes to JF. Let us define another character 7 : QSym — > Q by 

liPc) = 

if a is not weakly increasing. Otherwise, write a = (a^^ , , • • • , a^' ) with 

ai < a2 < ■ ■ ■ < cts, 

and define 

^^^"^ " fci!fc2!---fcj- 
Suppose that a' = {a''^, ■ ■ ■ ,ag^). Then 

where (5 = (a^^"'"''^, . . . , 0;^=+'"') and P' is a linear combination of P^'s where S is not 
weakly increasing. The binomials appear from the fact there there are (''^.'^') ways 
to shuffle a^' and a\' . If we apply 7 we get 

.(p.p„,) = MP.) = = ^ ■ = 7(p.)7(p.o. 

This shows that 7 is multiplicative. Since {QSym,Q is the terminal object for the 
combinatorial Hopf algebras, there is a unique morphism of combinatorial Hopf 

algebras 

e:{QSym,j)^iQSym,Q. 

Theorem 7.4. We have 

6 °Q \Mat= ^, 

where Q \Mat is the restriction of Q to Mat. 
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Proof. We claim that 

C = 7 ° ^ \Mat ■ 

Suppose that X = (X, rk) is a matroid with d :— \X\ and n :— rk(X) < d. Then 
7(Cy[X]) is equal to „i( , where N counts the number of maximal chains 

Xo = 9cXiC---CXd = X 

with 

(42) = rk(Xo) = • • • = Tk{Xd-n) = 
and 

(43) MXd-n+^) = i 

for i = 1,2, ... ,n. Let Y = X^-n and Z ^ X \ Y . For a subset A C X, we have 

rk(A) > rk(X) - Tk{X \ A) 

and 

rk(X \ A) < rk(r \ A) + rk(Z \ A) = rk(Z \ A) < |Z| - |Z n A| = n ~ |Z n A|. 
It follows that 

rk{A) > Tk{X) - Tk{X \ A) = n - {n - \Z n A\) = \Z n A\. 
We also have 

rk(^) < rk(^ U r) < rk(y) + |^ U F] - \Y\ = \AnZ\ 
We conclude that 

ik{A) ^\Anz\ 

for all A C X. This implies that 

(44) {X, rk) = p ■ ■ ■ ■ ■ 1 ■ 1 ■ ■ ■ 1 . 

d—n n 

where is the loop matroid, and 1 is the isthmus matroid. In particular, if (X, rk) 
does not split completely, then 7(fJ[X]) — 0. 

Suppose that X — {X, rk) splits completely as in ([44]) . Without loss of generality, 
we may assume that X = {1,2, . . . , d}, and rk(A) = |ylnZ| where Y — {1,2, ... , d— 
n} andZ = X\ Y. 

A flag 

Xo = 9cXic---(zXd = x 

satisfies (|42p and if and only if Xd-n = Y ■ There are {d — n)\ flags 

= C • • • C Xd-n = Y 

and n\ flags 

Y ~ Xd-n C Xd-n + l C • • • Xd = X. 

It follows that N ^ n\{d — n)l, and 

n!(Q! — 7i)! 

It follows that joQ |Mat= C = C([^])- By the uniqueness, we get 9oQ \Mat— J' ■ D 
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Note that 

g{Mat) C QSym^ 

where QSym2 is the sub-Hopf algebra of QSym spanned by all QaS where a is a 
sequences of O's and I's. The algebra QSym2 is the graded dual of the Hopf algebra 
Q(pi,P2)- Now 9 restricts to a homomorphism 

62 '■ QSym2 QSym . 

Proposition 7.5. The homomorphism 62 is surjective, and the kernel 0/62 is the 
principal ideal generated by P(2) ^ — C^(i) ^ ^(o)- 

Proof. The surjectivity follows from the fact that is surjective. We choose the 
grading on QSym2 where Pa has degree £{a). There are 2** basis elements Pa of 
degree d. So the Hilbert series of the QSym2 is 

l + 2t + 2h'^ + ■■■ = J— ^■ 

Note that QSym2 is not finitely generated as a commutative algebra. 

On QSym, we choose the grading where Pa has degree \a\. There is one basis 
element of degree 0, namely P() and for d > there are 2'^~^ basis elements of 
degree, because there are 2'*"^ decompositions of d. So the Hilbert series of QSym 
with this grading is 



1 + f + 2<^ + 2^i^ + • • • 1 



t 1 - t 



l-2t l-2t 
Therefore, the Hilbert series of the kernel of O2 is 

1 1 - 1 t 



1 - 2< 1 - 2< l-2t 
The kernel contains the principal ideal {P{2) ^ -P(i))- It is not hard to see that 
P(2) ~ -f'(i) is not a zero divisor, so the Hilbert series of the principal ideal is jz^- 
Since this is equal to the Hilbert series of the kernel of 62 we must have 

ker02 = (P(2) 

□ 

7.7. Q specializes to H. 

Theorem 7.6. There exists a homomorphism r : QSym Sym[q,t] of commuta- 
tive algebras such that t{Q[K]) — 7i[X] for every polymatroid X. 

Proof. We will inductively define a symmetric function V{a) for any vector a — 
(ai, . . . ,ad) of nonnegative integers as follows. We define 'PO = 1. ThenP(ai, . . . ,ad) 
is the unique symmetric function of degree < d such that 

d 



(45) X^(^)p(ai,...,«.)(-l)V- 



vanishes in degree < d. For a vector a = (ai,...,a(j) and i < d, let 
(ai, . . . ,ai) be the truncated vector. So (|15|) becomes 



(40) 



^P(aM)(-l)V-l"'''l. 
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Define 

(47) ^[X] = i5]7'M)) 

2l 

for every polymatroid X = {X, rk) such that d = \X\. Here 2L runs over all maximal 
chains in X. 

We claim that V[X\ = P[X]. The claim is clearly true when |X| = or |X| = 1. 
Note that 7'[X] is a symmetric polynomial of degree < c? = To prove the claim 
it suffices to show that 

ACX 

vanishes in degree < d. The symmetric polynomial is equal to 



(48) ^7'[XU](-l)l-4la-'-^ 



(49) J2 E 4e^(^(^))(-i)^^"'' 



k(A) 



Z! 

A|=i — 



where A runs over all maximal chains in A. Every such chain A can be extended 
to {d — i)l maximal chains in X. Therefore, (|49|) is equal to 

(50) E^i7^E^(^®^^')(-ir--"®"' = 

i=0 ^' X 



.iEE(-)^(^®''')(-ir--'^®" 



which vanishes in degree < d. 

For a vector a = (ai, . . . , a^), define 

-(^")-E^^("')^'"''^- 

If X = {X, rk) is a polymatroid with \X\ = d, then we have 
(51) 

riGiX]) = r(^C/.(^)) ^Y.-iUrix)) = E E -y7d^^(-(^)'^')'?"^®"'^^- 

2f X X i=0 '' 

For every subset A X with |A| = «, and every maximal chain A in ^ there are 
exactly [d — i)\ maximal chains X in X extending A. Therefore, (|5T|) is equal to 

E E ^E^(-(^))9^'^^^*'-" = E = w[x](<z,i). 



i=0 A^X;\A\=i A AdX 



□ 



Corollary 7.7. T/ie quasi- symmetric function ^[X] specializes to 'P[X] /or ma- 
iroids X. 

Proof. We define ^ : QSym2 Sym by 

e(Q„) = t^(")r(g„)(i,ri) it^o. 
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One easily verifies that ^ is a liomomorphism of algebras, and 

e(c;[x]) = 7i[x](i,t-i)ii^i \t=o^r[x]. 

for every matroid X ~ (X, rk). Since Qi^i-^ — (5(o) lies in the kernel of ^, ^ factors 
through : QSym,2 — » QSym = QSym2 / {Q(i) — Q(o))^ say ^ = -qoO. Then we have 

□ 

7.8. Speyer's invariant. For a matroid X David Speyer defined an interesting 
polynomial 5x(i). It has the multiplicative property (5X10X2 (i) = ffXi (i)3X2 (i)), 
it is invariant under matroid-duality and has various other nice properties. 

Conjecture 7.8. The invariant Q specializes to Speyer's invariant. 

8. POLYMATROID BASE POLYTOPES 

8.1. The valuative property of Q. We will denote {l,2,...,n} by n. For a 
polymatroid X = (zi, rk) we define its base polytope (3(rk) — Qxl^k) C M" by 

Q(rk) = e R" I Y.'"^=l ^^ = rk(n) and VA C n, ^^^^ v, < rk(yl)}. 

The i-th basis vector is denoted by ej. 

Theorem 8.1 (see j25]). A compact convex polytope in M" is the base polytope of 
a polymatroid if and only if every vertice of the polytope has nonnegative integer 
coordinates, and every edge is parallel to e.j — for some j ^ k. 

For a compact convex polytope 11 C M", its characteristic function [11] : R" R 
is defined by 

' 1 if a; e n; 
if a; ^ n. 

Let /C(M" ) be the R- vector space spanned by all [11] where 11 is a compact convex 
polytope. The Euler characteristic is a linear function x ■ A^(R") ~> R such that 
x([n]) = 1 for every compact convex polytope 11 (see |2l Theorem 7.4] where x is 
defined for the slightly larger algebra of closed convex sets). 

Definition 8.2. Suppose that F is a Q- vector space. A Q-linear map / : PolyMat — > 
V is called valuative if it has the following property. For a finite set X and poly- 
matroids X = {X, rk^), i — 1, 2, . . . , r and rational numbers ai, . . . , G Q such 
that 

r 

^a4Q(rk,)] -0 

i=l 

we have that 

r 

^a,/[X,] =0. 

i=l 

Moreover, let us call / additive if it is valuative and /([X]) = whenever the 
polymatroid base polytope Q(rk) of X = (X, rk) has dimension < n — 1. 

Theorem 8.3. 

g : PolyMat QSym 

is valuative. 



[U]ix) 



The proof of the theorem is in the next subsection. 
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Corollary 8.4. Since Q specializes to Ti. and V, these invariants are valuative as 
well. 

A polymatroid base decomposition is a decomposition 

r 

(52) Q(rk) = y Q(rk,) 

1=1 

such that 

Q(rk,)nQ(rk,) 

is a common face of Q{rki) and (5(rkj) for i ^ j. Let us call such a decomposition 
proper if r > 1 and Q{rki) ^ (5(rkj) for all i j- The polytope (5(rk) is called 
indecomposable if it does not have a proper decomposition. For a fixed base field 
if, a polymatroid is called ri^id if it has only finitely many realizations over K as 
a subspace arrangement up to isomorphism. The work of Lafforguc implies that a 
realizable matroid is rigid if and only if its matroid base polytope is indecomposable 
(see [201 [HI])- It is therefore of interest to know whether a given matroid polytope 
is indecomposable. Valuative and additive invariants can be useful to determine 
whether a matroid polytope is decomposable. For a valuative invariant /, we have, 
by the inclusion-exclusion principle 

r 

/(rk)= ^(-1)^-1 f('^^u^....,^J 
k=l ii<i2<---<ik 

where rk^^^ ..^^^ is the rank function whose polymatroid polytope is 

Q(rk,Jn---nQ(rk,J. 

If / is additive, then we have 

r 

/(rk) = ^/(rkO. 

1=1 

Additive invariants can also be constructed from the Billera-Jia- Reiner quasi-symmet 
function (see 

Conjecture 8.5. Is Q universal with respect to the valuative property? I.e., is it 
true that for every Q-linear valuative map f : PolyMat — > V there exists a Q-linear 
map -tjj : QSym V such that ip o Q = f ? 

8.2. The proof of Theorem l8.3l The basis vectors of M" are denoted by ei, . . . ,e„. 
Let A be the (n — 2)-dimensional simplex spanned by ei — 62, 62 — 63, ... , e„_i — e„. 

Lemma 8.6. Choose e such that < e < 1. For v £ Z", and a rank function 
rk : Pow(A') —> M, the following statements are equivalent. 

(1) E'=i = i'k(s) for s = 1,2,..., n; 

(2) V e Q(rk), and v + e{ej — Ck) ^ (9(rk) for all j < k; 

(3) {v + eA) n g(rk) = d) and v e g(rk). 

Proof. (1) (2): Suppose that (1) holds. Suppose that A — {ii,...,is} with 

ii < ■ ■ ■ < ig. Then we have 

(53) 

rk({ii, . . . , it})-TH{ii,i2, . . . , it-i}) < rk({l, 2,..., it})-rk({l, 2,..., it-l}) = v^, 
by the submodular property of the rank function. 



(QUASI-) SYMMETRIC FUNCTIONS OF POLYMATROIDS 



33 



Summing ([53]) for t — 1,2, . . . , s gives 

rk({ji, . . . < H hWi, = y^^Vj- 

iGA 

This implies that v G (5(rk). If j < fc and w = u + e(ej — Ck), then we have 

J j 
^ = ^ + e = rk(j) + £ > rk(j), 
1=1 1=1 

so ui ^ (5(rk). This proves that (2) holds. 

(2) =^ (1): Conversely, assume that (2) holds. A subset 5* C n is called tight if 
X^jgs ■'^i — rk(5). Clearly, n and are tight. If 5, T are tight, then 

(54) rk(5 U T) + rk(S' n T) < rk(5) + rk(r) = XI + H = 

ies ieT 

= X + X <rk(5'nr)+rk(5UT), 

iGSnT ieSuT 

so all inequalities are equalities, and S UT and 5* n T are tight as well. 

Suppose that j < k and set w = v + e{ej — Ck)- Because g ^ Q(rk), there exists 
a set Aj,k such that 

X > rk(Aj- fe). 

Since 

X < rk(v4j,fe), 

ieAj,fc 

we must have j S Aj_k and fc Aj,fc. We obtain 

r\{A.j^k) > ^ Vi= X - e > rk(Aj,fc) - e. 

Because w is an integer vector, the first inequality is an equality and Aj,k is tight. 
To prove (1) we need to show that i is tight for i — 0, 1, . . . ,n. We do this by 
induction on i, the case i = being trivial. Suppose that i > and ^ — 1 is tight. 
Then i — 1 U Ai^t is tight for fc = i + 1, . . . , n. We have 

n 

fe=i+l 

because i C i — I U Ai^^ for all i, and fc ^ ^ — 1 U Ai^k- Hence i is tight. 

(3) ^ (2): This implication is clear because {ej — Ck) £ A for all j < k. 

(2) (3): Suppose u £ (9(rk) and ti + e(ej — e^) ^ Q(rk) for all j < k. Suppose 
that V + S{ej — e^) G Q(rk) for some j, k with j < k and (5 > 0. Set z :— Cj — e^. If 
the inequality 

(55) ^z;, <rk(A). 
is an equality, then 

rk(^) + '^^■') ^ ^'^(^) 

ieA iGA 
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because v + 6z e Q(rk). So we obtain 

^ ^« < 0, 

Therefore, we have 

Y,{v^+ezi) < i±{A). 

If ([55|l it is not tight, then 

^Vi< ik{A) - 1 

and 

^(w, + £Zj) < rk(A) - 1 + e ^ < rk(A) - 1 + e < rk(A). 

i£A ieA 

So we conclude that 

Y,iv^ + ezi) <rk{A) 

i€A 

for all subsets A C n. So v + ez G <5(rk), but this contradicts our assumptions. We 
conclude that v + S{ej — e^) ^ Q(rk) for every j < k and every (5 > 0. 

Suppose that v lies in the interior of a face of positive dimension of Q(rk). This 
face is parallel to Cj — Ck for some j < k. This means that there exists a S > such 
that V + d{ej — ek) , V — 5{ej — ek) S Q{rk) for some (5 > 0. This gives a contradiction, 
therefore v must be a vertex of the polytope Q(rk). Let vi,V2, ■ ■ ■ ,Vr be other 
vertices of (3(rk) such that the edges of (3(rk) meeting at v are vvi,vv2, ■ ■ ■ ,vvr- 
For every Vi, v — Vi is a positive multiple of Ck ~ Cj for some j < k. This means 
that <5(rk) is contained in cone 

C:=v + M>o(e2 - ei) + IR>o(e3 - 63) + • • ■ + M>o(e„ - e„_i) 

where R>o denotes the nonnegative real numbers. We conclude that 

{v + eA) n Q(rk) C (w + eA) n C = 0. 

So (3) follows. □ 

For w G Z", define a valuation /i^ : IC{M.) ^ M by 

fiv{h) = h{v) - limx([f + e/S\ ■ h) 

Let 

r = (ri,r2, . . . ,r„) 
where — rk(i) — rk( z — 1 ) for all i. 

Corollary 8.7. We have 

Proof. Suppose that v — r. By Lemma [8.61 we have v S Q(rk) and {v + eA) n 
(5(rk) = 0. Therefore, we get 

X{[v + eA] ■ [Q(rk)]) = x{[{v + eA) n Q(rk)]) = x([0]) = x(0) = 
and [Q(rk)](t-) = 1, so ^I^i[Q{Ik)]) = 1. 
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Suppose that v ^ r. Assume that v ^ Q(rk). Since (5(rk) is closed, there exists 
a (5 > such that 

{v + (eA)) n Q(rk) 

for all £ with Q < e < 5. This implies that iiy{[Q{rk)]) = 0. 

Suppose that v G (5(rk). Then {v + eA) n Q(rk) is a closed nonempty convex 
polytope. Hence we have 

x(b + eA]-[g(rk)])-l. 
Therefore, we conclude that /i^,([(5(rk)]) = 1 — 1 = 0. □ 

Proof of Theorem l<g.g[ The symmetric group I]„ acts on R" by permuting the co- 
ordinates. Define 

lilih) = o cr) 

for every a £ S„ and every h G /C(K). We have that 

(56) A^^([g(rk)]) = M.([Q(rkoa)]) = 

1 if«, = rk({a(l),...,a(z)})-rk({a(l),...,CT(z-l)})foralH; 
|_ otherwise. 

Define 

From the definition of Q follows that 

g[X] =^A.f„([Q(rk)])C/,. 

V 

From the linearity of My and Q it follows that 

^a,a[({l,...,n},rk,)] =0 

i 

whenever 

^a4g(rk,)] = 0. 

i 

This completes the proof of the theorem. 

□ 

9. Future directions 

For a polymatroid X we defined symmetric functions V[X.] and W[X]. In the case 
where the polymatroid comes from a subspace arrangement, we gave interpretations 
of the coefficients of these symmetric functions in terms of the Hilbert series and 
the minimal free resolution of the associated product ideal, and in terms of the 
polarized Schur functor. We hope for simililar interpretations and nonnegativity 
results in the case where the polymatroid is not realizable f Conjecture 15. 7p . We 
also defined a quasi-symmetric function ^?[X]. This invariant has many interesting 
properties, and it specializes to 7^[X], 7i[X] and to the Billera-Jia-Reiner quasi- 
symmetric function ^[X]. We would like to know whether t/[X] specializes to 
Speyer's invariant in [40] (Conjecture 17. 8p . The invariant Q behaves valuatively 
with respect to (poly-)matroid base polytope decompositions. We wonder whether 
Q is universal with this property (Conjecture 18. 5p . 
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